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Problem 16 Let k be a field. Consider the homogeneous ideal I = (x%, Tox1, Tola) C
k|xo, z1, x2]. Show that V, (I) < P is reduced although I is not a radical ideal.

Problem 17(Cartier divisors) Let k be a field and d,n > 1 be integers.

(1) Let F € k[zo,...,x,] be a homogeneous polynomial of degree d. Show that

. F
le(F) = (D.,.([L’l), W)

is a Cartier divisor in P} with support V, (F).

(2) Now let Fy, Fs € k[xq, ..., 2z,] be two homogeneous polynomial of the same de-
gree d. Denote D; := div(F;), i = 1,2. Show that Opr(D1) = Opy(Ds).

Problem 18 (UFDs) Let R be a unique factorization domain. The goal of this
exercise is to prove that Pic(R) = 0.

(1) Let M be an invertible R-module. Prove that there exists an ideal / < R and
an isomorphism M —= [.
Hint: One way to proceed is to use that the natural map M ®g Homg(M, R) —
R, m® ¢ — ¢(m) is an isomorphism. In particular Homg(M, R) # 0.

(2) Now let I © R be an ideal. Show that there exists a unique principal ideal (a)
such that I < (a) and (a) is minimal among the principal ideals containing I.
Hint: Since R is a UFD, you can use prime factorizations to define geds.

(3) Assume now that I < R is an ideal which is invertible as an R-module. Define
a as in (2) and prove that under these assumptions I = (a).
Hint: Equality of ideals can be checked locally.



